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We construct soliton states as quantum corrections to the coherent states constructed
from classical solutions of nonlinear field equations. The corresponding field operator applied
to the vacuum state allows us to discuss physical features of the (one soliton plus various
mesons) states.

1. INTRODUCTION

A great deal of work has been done recently on solitons, both from the classical
and quantal viewpoint [1]. The latter is especially important if the basic program of
constructing some of the subnuclear particles as soliton states of other particles is to be
effected. In order to do that, two features are necessary. First it is necessary to have a
system of nonlinear equations which have some possibility of properly representing
the fundamental particles from which the solitons are to be constructed. On the other
hand there must also have been developed a powerful enough technology so that the
properties of the resulting solitons can be read off. The first question is far from being
answered, though progress is undoubtedly being made through gauge field theories
and the discovery of the new particles. It is to the second question that this paper is
devoted.

There have been various techniques developed to quantise solitons [2]. These
appear to have given rise to somewhat of a mystique about solitons, as if they were
objects of a very different sort from the particles of which they were composed. The
purpose of this paper is to attempt to dispel this mystique and give a very down-to-
earth view of solitons. As the title of this paper indicates, the soliton is to be shown as
being a bound state of the elementary particles of which it is constituted. Naturally
the particular form of bound state is very different from that state usually considered
as acceptable for such an epithet to be applied. We have to deal here with coherent
states, so that there may be an infinite number of constituents in the soliton state. We
will find that the existence of a topologically conserved quantum number corresponds
to the average number of constituent particles in the soliton state being infinite.
Moreover the probability of decay of such a state into any finite number of its consti-
tuents is zero in this case.

The soliton we are interested in investigating is not a pure coherent state. We
start our analysis by determining, in Section 2, a general form the soliton state could
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take, and then construct an approximation method for obtaining this state. In the
following section we consider static solitons in one space and one time dimension at
the lowest level. We then turn to the one meson plus one soliton sector, and discuss
the various quantities of interest, such as the soliton form factor. This is extended in
Section 5 to the two meson plus one soliton sector. The Schrédinger field representa-
tion is used in Section 6 to obtain an approximation to the various one soliton plus
meson states to arbitrary orders of perturbation in the higher derivatives of the
potential, evaluated at the classical solution. We then extend the analysis to include
time-dependent solutions to the classical equations, for moving solitons in the lowest
approximation. Various features of the results of our analysis are discussed in the
final section.

2. CONSTRUCTION OF THE SOLITON STATE

We consider a theory in d space-dimensions and take a field ¢ which may have spin
and internal spin labels, which will not be considered explicitly. We suppose that the
field satisfies canonical commutation relation at equal time and is described by the
Hamiltonian

H=H,+ H,, )

where H, is a free field Hamiltonian quadratic in ¢ and H, is a polynomial or trans-
cendental function in ¢. We shall assume here for simplicity that

Hy = [ 2@+ (V) dox

| @
Hy = [ =5 Ulgd) d'
for some coupling constant g. Then the field equations will be
¢ — V2 = U'(g¢) 3)
and the CCR’s are
[(ﬁ.(x3 t)a ¢(y, t)]- = —# 83(X - y) (4)

We are interested in eigenstates of H determined by possible classical solutions of (3).
In particular we wish to consider such solutions ¢,(x, t) that are O(g™) as g—0,
so are nonperturbative. To obtain the corresponding eigenstate we will use the
coherent state operator

U, 1) = exp [ M 1) ®

M(f; 1) = [ dixifed), ©)
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where the integration in M(f, t) is at the value of time equal to ¢ and f = f — &,
where ¢y = (0| ¢ | 0>. If we use the CCR’s (4), then

U(S, 1) d(x, ) UNf, 1) = $(x, ) + f(x, 1)

; . , (M
U, 1) ¢(x, 1) UN(f, 1) = ¢(x, 1) + f(x, 1),
where ) i
O1¢{0>=0,¢=¢-+ ¢.
Thus
UHU = H($ +
@+ ®)

= E(f) -+ O(¢),

where O(4) denotes terms linear or of higher powers in q§ and (f;, and E(f) is the
classical energy for f. Then

HUY¢,.1t)| 0y = ULUHU-'| 0> = E(¢$,) Ut | 0> + quantum corrections.  (9)

Therefore U-Y(¢, , ¢) | 0> is an approximation to the soliton state for which we are
searching. It is time-dependent, but since the energy E(¢,) is not we can choose the
state defined at any value of ¢.

Let us assume that at any time ¢ the fields {#(X, ), ¢(X, t)}, .z« form a complete set.
This has well-known difficulties when ultraviolet divergences are present, but we will
neglect those for the present discussion. We attempt to obtain a better approximation
to the above soliton state by choosing the expression (taken at z = 0 for convenience):

LSy = U0 1o+ [ 1300 460 -+ fn)] dx
+ [ ol %) $0x0) $r) + Fanlry» 3 $x0) Fx)
+ faay s %) $x0) Bxo)] dxy oy +- -+
+ [ U 6 ) -+ ) + -+
- oty %) ) - BNy - dxy + -] [0
= U-(£,0) ¥({£,) | 0. (10)

We assume that the constant f; and the functions f;; can be found such that the series
(10) converges and that it represents an eigenstate of the Hamiltonian H of (1) and (2)
with eigenvalue E(f;;}):

HIL D = B ALY LA fd. (11
By Eq. (8), (11) becomes
H$+HVIO=EVION. (12)
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We may rewrite (12) somewhat by using that

H($) 0> =0

H$ + ) = H@) + [ [§f + 1 + U@ + ) — U@ — U dx + E()
[H($ + 1), ()] = ih($(x) + fx)) (13)
[H($ + f), ¢ = il(—¢" — f" + U'(¢ + ) (14)

so that (12) becomes

(H@ + ), V1 V [ 1 = "+ UG+ ) — U@) — U] dx{ 10>
— [E— E(OV |0 (1s)
We attempt to solve (12) or (15). If we write
H($ + /) = G + )+ (g™ + '+ UG + 1), (16)

we need only concern ourselves with reordering the second term on the r.h.s. of (16)
in its action on ¥ | 0>. This reordering must be chosen to reproduce the order of gb
and ¢ chosen in the definition (10) of ¥, thatis with ¢’s always to the left of ¢’s.
We perform such reordering by the formulas

M ﬁ $(x;) e = ﬁ [d(x;) -+ AiAS(x — x;)]
j=1 i=1

A=0

[d?w(x), ][:II <f>(x,-)]_ = d™jdx [}jl [b(x;) + Xikd(x — x;)] ew)]

B i (5% f[ $(x1) U ihd(x — x,) gm=(x)  (17)

where the summation in the last expression in (17) is over all choices of j; ** j,_; and
i, - i, which are distinct from each other and lie between / and ¢.
We may now solve (12), using (17), to give the set of equations

[E — E(f)) furlXs Xng s Y170 Vi)
= Sf(x) fao1r(Xa =" Xy, Y107 ¥)
+ 388(x; — X9) fro(Xs ** Xup, Y100 Vr)
— Sfuctrea(X1 Xy s Y1 Ve F1(90)
— S ara(X1 Xy s Y17 Proa) 8" (Vg — 30)

- lh(n —r+ 1) ff”(x)fn+l,r(x1 t Xpp s Y1t yr) dx
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- 2lh(n —r+ I)S 2 fn T l(xl CXpp Y15 V2 o yn—r)

-+ Z f d’f - g ( ) () frizsmrssem(Xy = Xnop s X X, 31" Yrgsom)

mpl
< 1 dGi—n-("TETM (s)
i=r+s—m

where S denotes symmetrisation over the appropriate set of x and y variables
(separately):

Sf(Xy " Xn oY1 V) = —"—7 Z @ " Xa tw) s Yo 0 77 ¥ ()

with summation over all permutations ; and 7, of (1 --- ) and (1 --- m) respectively,
u, = U"™(f), and x occurs s times in the integrand of the last term in (18). We note
that the system of equation (18) is infinitely coupled, but can be solved by iteration in
powers of # since the terms on the r.h.s. of (18) not involving # all involve f,- .- with
n+r<n4r

We may also equate coefficients of various products of gl;’s and qg’s in Eq. (15)
though the resulting equations are more complicated than (18) and we will not write
them explicitly here. However, we note that the first term on the left of (15) is of order
#i compared to the other terms, so an iteration scheme in 7 will still be possible. We will
return to that shortly.

3. THE STATIC TWO-DIMENSIONAL SOLITON IN LOWEST APPROXIMATION

In order to develop the theory further, especially in understanding the physical
nature of the resulting state U=V | 0> introduced in the last section let us consider
the lowest order of approximation for the soliton constructed on a static solution
¢.(x) in one space and one time dimension to the classical field equation

—é7 -+ U, = 0. (18a)

We remarked in the previous section that | ¢, ,t> = U~Y(é,, )| 0> is an approxima-
tion to the soliton state, with energy E(é,) + O(#). We note that this state also has
the form-factor interpretation®;

Chos 1 Px, 1) ey ) = <O U, 1)P(x, ) UM, , 1) | 0)
= (0] $(x, ) + (%) | 0> = po(x).

Thus the state | ¢, ., ¢> would be interpreted as a soliton at the origin with meson
form-factor ¢.(x), as is now traditional [1].
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We may translate the vacuum state | 0> to represent a soliton at any point y in space
by means of the operator

MUf, 1,3) = [ X, 1) Gl + 3, 0]
so that with
U(f, 1, y) = explGIHM(F; 1, y)]

we have
U, t, n)$(x, 1) US, 1, 3) = $(x, £) + f(x — », ).
Thus the state
[ bes , 1) = U, £,¥)10)

will have energy [E(¢,) + O(#)] and form factor

(hor t, | (X, t) | bos 8, ¥) = Polx — ).

More generally we can construct a soliton state at y from the general one at the origin
in (10) by application of the translation operator exp [(i/#)(Py)], in the form

(UV), = e PvAUY e~iPvi,

We note that such soliton states are absolutely stable against meson decay, since we
may calculate the overlap between such a state and a state with a finite number of
free mesons in it by choosing + = -0 in the soliton state and using the asymptotic
condition to replace the Heisenberg field ¢ by a free field. We then use that

O U, 0) U(fs, ) |0 = exp[— 3 [ | fy— o P o]

where f; and f, are the Fourier transforms of f; and f, and w; = (k% -+ u?)'22.
If ; = 0 and f, = ¢,, the transition probability we are investigating will depend
on [dk w, | q§c [2. This will be infinite if ¢, is nonzero at infinity, since then

o=[1dtrdx = [1§.12dk < [wp] $,12ak.

The resulting transition probabilities will all be zero, so that the existence of a topologi-
cal conservation law (é,(d-00) # 0) corresponds to the soliton being a stable bound
state. It will be composed of an infinite number of elementary constituents (hence the
title of the article) with momentum distribution function @.(k). We note that this
remark on numbers of constituents also applies to the more general state (10), either
at the origin or elsewhere.
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4. STATIC TwO-DIMENSIONAL SOLITON IN THE ONE-MESON APPROXIMATION

Let us now turn to solving (15) in the lowest nontrivial approximation, thus keeping
only f; , fio, and fy, in the expression ¥ of (10). For this approximation

Vo= o [ U $6) + foalx) $601 dx
the first term on the right of (15) is
i [ {fl—¢" — $¢ -+ UG + $] — fuud} d.

Thus equating coefficients of 1, qS and ¢ on both sides gf (15), and neglecting the
second term of (15), since U(d,) = U’'(d,) = 0, so it is 0(¢?) we obtain

[E — E@Vfo = +ifi [ ful®)—$4x) + U($)] dx (19)
[E — E($]fu'x) = —iffun() (20)
[E — @IV fu) = tl—F 1) + U'($) o] 1)

Since ¢, satisfies the classical equation (18a) the r.h.s. of (19) vanishes, so that either
E = E(¢,) or f = 0. If we choose the former of these possibilities then fj; = @ and

—f10 + U(é) fro = 0, (22)

so that fj, < ¢, . On the other hand if f;, = 0 and we denote E — E(¢,) by M (A £ 0)
then (20) and (21) combine to give

~—f10 + U”(‘?Sc)fm = A2f10 (23)
f(n = l./\fm . (24)

Equation (23) is the stability equation for the classical solution ¢, of the original
nonlinear equation (18a). Its solutions for A # 0 are, for a wide class of potentials,
the set ¢, with discrete positive eigenvalues A; (1 i< N) and the continuum
¢,, with the continuum A, > u = [U"($,)]'/%, where U(¢y) = U'(¢y) = 0. We have
thus determined the eigenstates | ¢, , .5, | b.$, > and | $.¢, > of H with eigenvalues
E(¢,), E(¢.) + #i); and E(é;) + £, , respectively. We interpret these as a correction
to the original static soliton state, a set of N excited solitons and the original soliton
state with an added meson of momentum k (where A, = (k2 + p?)'/2),

We note certain features of these results. First there has been no infrared difficulty
associated with the translational mode ¢, . Indeed it has come to play its role along-
side ¢, very naturally at the next order of approximation in V. Second we may calculate

595/115/1-11
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the meson form factor in the modified soliton state, or in one of the soliton excited
states ¢, . We have the general result

(e fostros Sl )| be.fosfro,for
= O [fi+ [(Fid 4+ 75D 1660 + S X [fo + [ Lo + S]] 100

— 1290 + Sy [ [ 150 g5 + FAD] WP lamsmo dy + .

[ [780) 5 + 18 D] [ 5 + @] W (330350220) Ly, i iy

where W(x xy,) = (0| §(x xo) -~ | 0> are the associated Wightman functions.
Thus we may express these form factors either as corrections to ¢,(x) (when A = 0,
for = i » f1o = 0) or directly by means of the nonsoliton Wightman functions and
the excited soliton classical wavefunctions.

We can also evaluate the matrix elements of ¢(x) between the 1 soliton state and
the 1-meson -+ 1-soliton state as

(el $0 | bor 1> = O1 I + 8091 [ Laol2) $(3) + ') I 10> dy
e [ dy () [ + ihs] W 0.5 30) e (25)

where the constant of proportionality is determined from the particular continuum
function. We may evaluate (25) by the single particle approximation to W(x xo ; ¥ ¥o)s
giving

<¢c l ¢(X) ] ¢c ’ ¢z\k> o ¢Ak(x) (26)

again fitting with the standard interpretation [1] of the continuum wavefunctions.

We can note more generally at this point that the matrix element of any product of
meson fields in the 1-soliton sector can always be expressed, by (10), as a sum of
Wightmans functions of the meson fields in the nonsoliton sector multiplied by the
appropriate wavefunctions f;; . Thus analysis of the soliton sector can be completely
reduced to that of the nonsoliton sector and that of solving for the bound state
expressions (10). For we can see that

{bo» {fis}] l:[ $(x) | o, (fi> = O VASD T [$(x) + $exd] V({fis}) 1 0

from which the above result follows on explicit substitution of V({f;;}) from (10).
We can also use the soliton states as part of a complete sum of states to obtain,
for example, the expression for the meson propagator in the soliton sector as

<¢c [ <l’;(xl) 9§(xz) [ ¢c> = ¢c(x1) ¢,,(X2) + .\20 <¢c I $(x1) I ¢c¢/\><¢c¢/\ ! J’(xz) ' ¢c>-
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Using the result (26) we find
<¢cl T(J’(xr"lo) <f>(x2x20)) | ¢c> = ¢c(x1) ¢’c(x2) =+ /‘z [0‘(9"’/\)]+2 e_mmm‘mz"'%(xl) ¢A(X2)
(27)

where of¢,) is the appropriate constant of proportionality in (26). We note that we
may also introduce an effective meson field ¢,(x) in the 1-soliton sector defined from
the creation and annihilation operators a,*, a, which create or annihilate the
excited soliton state or the 1-meson plus 1-soliton state ¢, from the 1-soliton state ¢, :

I ¢c > ¢)¢> = a/\+ I ¢c>
Then

$o(x) = $o(x) + g $a(x) a

so that

{(Pe | $o(x) | behr> = (%)

This agrees with our result (26), though we have already seen that such effective
fields are not necessary in order for meson—soliton processes to be calculated. We
have also justified the recent analysis of Steinmann [4].

5. THE Two-MESON APPROXIMATION

We continue our analysis of Eq. (15) by including the two-meson states in V. Thus
we take

V=fot [ (b + fud) dx

+ [ Uan00) 909 40D + fua9) $0) 9) + Fan) $) $(3)] dx dy

so that
[H@ + 1), V1 = i [ {o(l— ") — 176) + U'( -+ D] — () $00)

+ [ ax [ dy{fule, NI~ 4°) = £ + UG + ) 4
+ (N —¢"(») — £(3) + U'($ + )]
+ far(e, WIA(—$"(x) — £7(x) + U + ) $(») — ifi(x) ()]
— itifyu(x, V) ¢ ¥) + $x) F()-
We also use that

UG + ) — U + ¢o) — U(f) — §f" = 1FLU(f) — U(¢y)]
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if f(x) satisfies the cla§sical equation 3). 'Ehen eﬁquatjng coefficient in (15) of the
various terms 1, ¢(x), d(x), d(X)H(»), H(x)d(»), ¢(x)p( ¥), we obtain the equations

[E— E(P1fa = —h [ dx K(F) faot, 3) -+ B2 | dix falx, )

[E — E(f)] fo(x) = —ififo,X)
[E — E(N)]foa(x) = thK(f) fro — 7¥faolx, x) U"(f)
[E — E(/)] foo(x, ¥) = —ilifn(x; y) (28)
[E — E(D)fulx, ¥) = ih[Ko(f) + K () faolx, 3) — 2ififoel(x, )
[E — E()) faslx, ¥) = $IAIKLf) -+ K(F)] falx, 3)
+ $8(x — PAU(f) — U'($o)]
+ ihfio(x) U"(f) — B2 UD(S) faolx, %)}
where K, (f) = —d?dx? -+ U'(f(x)) and K,(f) acts only on the first variable in the
integrand of the first equation in (28).

We note that the system has no soliton solution with E = E(f), since this would
require in (28) that f, = 0 = f,; = f» . However, there is the solution with f, =
Jo=/fu =0, E=E(¢), fio = ¢, fo =S = 0; this corresponds to the previous
1-soliton, no-meson solution.

Let us now consider the solutions with E # E(f).

We note that the system (28) must be treated with care when terms of given orders
in # are to be compared. For as we can see from the last of Eqs. (28) the Lh.s. is

O(#) whilst the r.h.s. is O(1), coming from the term containing f; . Substitution of this
last equation into the first of those in (28), for E — E(f) = #iA, A £ 0, gives

W — 130 [ 1070 — Ul x| fy = — 20 [ dx K fuox)
+ §i#8(0) [ frolx) U"(f) dx
— 1%5(0) [ fulxr) US() dx  (29)
[KAf) — 21 fuo) = —iffanxx) UZ() | (30)
LK) + 2K03) — Ml 3) = 22 80c — DIV — U(4)]
13800 — ) ful®) UX()

s~ US 6D
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Su(x) = iM(x)
Salx, ¥) = iMoo, ¥)

Juslx, ¥) = %Xfos(x — WIULN — U (¢p)] + -+ ((6), p- 13)

where 8(0) is to be interpreted by quantisation in a finite box.
We see that to lowest order in # these equations become

[ — 180)C) fo = 0 (32)

[KLf) ~ 2] fro = O (33)

2K(f) + 2K,(f) — X] fulx, ») = —38(x — MAIU'()) — U'(9)]  (39)
c = [1U'() — v'gol ax.

We take f, = 0 in (32) to remove the infinite constant 8(0), so that the solutions of
(33) and (34) are

(a) A:Ansf.m:d)ﬂ!f‘%:o
or
() A =207 + MDA, foo = (%) bl ¥), fro = for = 0.

The former class of solutions are the (one-meson + 1 soliton) states described in the
previous section. The second type are clearly to be interpreted as (two-meson + 1 soli-
ton) states, with threshold (2u), as expected.

6. HIGHER MESON APPROXIMATIONS

It is evident from the previous section that the technique developed there will prove
difficult to extend to the higher meson + 1 soliton states. Even more crucially there
seems no appearance of quantum corrections to the soliton mass [1]. In order to
remedy these defects we will use the Schrodinger field representation to set up the
energy eigenvalue and eigenstate problem. We use the notation of the earlier section
to solve the problem:

H(m, )| E> = E| E). (35)

We take | E) = U Y¢,) |4, where ¢ | =D,  being a classical field.
Equation (35) becomes
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Since in this representation = = ifi §/8¢, we have to solve

[~ 5 s+ 396+ V@16 — [E— G 4 (36)

where
G()) = [~ + V@) 3 =) = L b wnibaly) )
V) = T U3, (38)

We note that the summation over m in (37) is only over m > 0, since w, = 0. We
will have to take account of the lowest mode when G~ is considered, but we will
discuss that in due course. We take

| ¢ = exp[—34G] | x> (39)
to give
[ ﬁ2 81: +hGS 3¢ + 5 LG+ V(fﬁ)] [x) = 8h | x). (40)

Let us first solve (40) without the perturbation V(¢). If we expand

95:2”"96"’ W:Zlaan(ﬁn

n#0 n#0

Gd =Y wnutn (402)
l x> = X(al bl a2 s )5
then (40) becomes
2 0
[TW —_ fiwnan a—an —{" A"ﬁ] X = 0 (41)

where 3 A, = (A — § tr G). In terms of the dimensionless variables x, , €, defined
by x, = (w,/Al%a, , A, = €,w, , (41) becomes the usual harmonic oscillator equation

o? 7
[—‘axn2 — 2xn a—xn —‘i" s 6”] X = 0

with solutions x = [T, Hu(x:), €, = m;, where the H,(x) is the nth Hermite poly-
nomial and the m, are integers. Thus the energy of the associated state is

Mi =2 4r G Y o @2)
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the state itself being
X = [ Hn(awi/h)1?) (43)

where a; = [ ¢, dx. We have the immediate interpretation of (42) and (43) as the
energy of a state composed of one soliton and m; mesons in the ith mode, each with
energy (u* + k;)'/2 and momentum k; . We note that (42) contains the zero-point
energy (3% > i wy) as the first quantum correction to the energy of the single soliton
state, for which m,; = 0 for all /. This agrees with other approaches [1]. We also note
that the no-soliton contribution and meson mass renormalisation counter terms must
be included, to give the well-known results [1].

We may extend the above discussion to all orders in the perturbing potential
V(¢) of (38). The first-order perturbation expression for the energy will be

f

KV o = [T e ™ 3 [ae|3(2) s| 57 @0

with similar expressions for the perturbation to the states (43). These expressions
have the usual perturbation-theoretic interpretation, and can be given to arbitrary
order.

We may also evaluate equal-time form factors, as

CENT ¢ | ED =< | [TI$0x) + $lxdl | 67
i=1 i=1
which can then be computed by means of (39) and (43). In the simplest case we have

CE1$(x) | EY =<$ | [$(x) + ¢ ¢
= ¢ ()b | ¢ + b | $x) | ¢

Let us take | ¢ to be the one soliton state and | ¢'> to be the one meson plus one
soliton state, so that

Blx; o) = e 12

¢'(x; ) = xpetT

2

&Ly

Then
(| ¢> =0,

and
191 7> = [ TTdx: Hi(xm) € =5 e, )7 X, )
= (ﬁ/ W) /2 Sbm(x)'

We thus obtain the result of Eq. (26) but with the extra correct normalisation factor
(fi/wn,)'/%; this agrees with the recent discussion of Steinmann [4] and earlier analysis
[1]. We can furthermore obtain the 1-soliton plus mesons state expectation value of a
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product of unequal time fields by the same technique as used in Section 4, that of
insertion of a complete set of intermediate states.

We can relate more closely to the discussion of the previous two sections by
rewriting the functions x(x, ---) in terms of the fields ¢ and é. Thus we introduce the
annihilation and creation operators a*(x), a(x) respectively by

at(x) = GV -+ iGH)/(2h)/?
a(x) = GVA($ — iG)[(2h)'/

so that the unperturbed Hamiltonian takes the usual harmonic oscillator form

(44)

A f dx dy a*(x) G(xy) a().

We define the component creation and annihilation operators a;*, a; by

a(x) = Y aihix), a; = [ a(x) $i(x) dx,

>0
@@ = Y a’i,  af = [ 1) d,
i>0
so that the free Hamiltonian is
Z hw,—aﬁai .
i>0
We note that we define G1/2 in (44) by 3.0 ¥5(x) w;Y%b,(»), since the zero

frequency mode is not required in the freefield Hamiltonian. The states | E> con-
structed earlier can be given in terms of the no-soliton vacuum state | 0> by

| B> = U [T )2y | )

= U($y) ﬁ ()22 [ [ 1G22 + iG] ¢t dx]ni | 0.

We thus have expressed the (1-soliton plus mesons) states in terms of the field operators
at time ¢ = 0 and so at any arbitrary time, if so desired, completing the results of the
earlier sections. That | 0> is the no-soliton vacuum state is validated by the fact that
the unperturbed field ¢ will have its ith component [ ¢(x, ) $}(x) dx developing in
time with the factor e*+#, so that a; also annihilates the no-soliton vacuum state, for
all 7.

We have deliberately excluded the zero-frequency mode in the various summations
we have used, especially in the expressions for ¢ and = in (40a). This is correct because
the zero frequency mode would have lead to the n = 0 equation from (41):

(s e

oay?
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which has no discrete spectrum in A,. We note that (40a) would appear to violate
the CCR’s, since from (40a)

[7(x), p(W)- = —iht 3, pulx) u(¥) = —ih[8*(x — 3) — $o(x) Po()].  (45)

n#0

However, we may use the standard argument [1] to show that the last term in (45) is
cancelled. Thus we compute the one-soliton matrix element of (45). The one-meson
plus one soliton intermediate states give the contribution (45) and the single soliton
intermediate state contribution cancels the last term in (45). Thus the expressions
(40a) only describe the one-soliton plus one meson sectors, and do not completely
describe the one soliton no-meson state; this requires the additional coherent state
field operator U(¢, , t) and thus the corresponding wavefunction ¢(x).

We finally show that the soliton is absolutely stable against decay into any finite
number of mesons. In the Schrodinger representation we have that the 1 soliton and
no-soliton states are respectively

|4 = exp [— 5 (6 + 89 66 + 6]

| ¢ = exp [~ 57 $Gup]

where

Go = [~ 5+ U0 36— )

with plane-wave eigenstates i, . Then the overlap (¢, | $,> has as integrand

—3 Z, (y; +a)y; + a) Gy — %Z v
where

¢ = Z (B ) J’ilﬁi
o =Y. (o) aif;
Goy = (o [ HE) Gl ) () e

A change of variables to z = G'/2y leads to an integrand including the factor —3Y; a2
in the exponent. But this has the value

—i [ | k) w, dk

which has already been shown to be —oo corresponding to the existence of a topo-
logical conservation law ¢(4-c0) = 0. Thus the stability result follows,
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7. TIME DEPENDENCE

We have so far restricted our discussion to purely time-independent solutions of the
classical field equations. Let us now consider how time-dependence may be accom-
modated in the Hamiltonian formalism. We will do that for the case of a moving
soliton, with wavefunction f(x, #) = ¢(y(x — vt)), where y = (1 — v?)71/%, so that
f satisfies the time-dependent wave equation

f=f+U({f)=0
and has energy [dx[if2+ 1f”?-+ U(f)] =y E(¢.), as expected. Then the first
approximation to the moving soliton state will be obtained by application of the
coherent state operator U(f, t, u) = exp(i/A)M(f, t, u) similar to (5), but with
M(f, t, u) now defined by
Mif, tu) = [ dx ulyCe — un)) Gud(x, 1.

Furthermore,

US, £, W)d(x, £) UL, 1, w) = $lx, 1) + flylx — ut))

UL, t, (x, 0) U, 1, u = (x, 1) + fly(x — ut))

so then
U(f, t, wH(=, ¢) UN(f, t, u) = yE(¢,) -+ (terms containing ¢;, <[>).

Thus the state | ¢, , £, ) is the lowest approximation to a single soliton with velocity
u and energy yE(¢,). It may be translated to be at the point y at time 0 by means of the
translation operator exp((i/h) Py), to give the state | ¢, , ¢, y, w),

| ¢, 1, ¥, wp = exp((i/hi) Py) | ., t, u)

Finally Fourier transformation on y will produce the state | ¢, , 7, p, u)>:

Loyt DUy = fdy e by, 1, y, ud.

We may use this construction to consider the question of asymptotic states and
fields for the soliton. To do that we will take the soliton state of given momentum,
| éc , p>, defined by

| st 0, 0> = | o, p> e 70" (46)

with v = py/E(¢,), this state has momentum p and energy p, = yE(¢) so that we
have the soliton mass shell condition

po2 — p* = E¥¢,).
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We may obtain the state (46) by applying to the vacuum the operator

[ dy e RYT S, 1, pylEhD) = B(p, 1) @)
and form the inverse transform
B(x,t) = f e=v=B(p, 1) dp.

From Egs. (46) and (47) we see that

[ = o+ EX$] B 1) 05 = 0.

ar

Thus we see that B(x, f) is an appropriate operator to use to define asymptotic
fields [3]:

Bun(x, 1) = B(x, t) - f Dref E(bD), x — X' t — ) j(x', t") dx’ dt’

Bout(x, [) = B(x, t) —%—- andv(E(¢c), x — x/, ! — l')j(x’, [’) dx’ dr’

where
Jx, 1) =[O + EX$)1B(x, t).

Then the asymptotic fields Biy(x, t), Boyu(x, 1) are obtained by the usual asymptotic
limits from B(x, ¢t) and can be used to construct S-matrix elements involving one
external soliton. In particular the usual reduction formulas will be valid, giving
S-matrix elements in terms of

ﬁ K., n [Km,- — E¥$IKO | T($(x, tr) -+ $(xntn) B(Xpiatnia) B(Xpiatnis)) [ 0.

We cannot expect reduction formulas to apply to give multisoliton states in this
manner, since there may not be such states in the spectrum of the Hamiitonian at the
classical level.

8. DISCUSSION

We have tried to present evidence for the thesis that a soliton should be regarded
as constructed from a suitable coherent state of the original meson field in the no-
soliton sector. The evidence for this is strong in the case of static solutions to the
classical field equations but is not so supportive for time dependent solutions involving
multisoliton states. The collective excitation method [1] seems more appropriate in
this case. However there appears no reason in principle why the physical features of
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the single soliton state considered here should not be valid for the more general case.
We will discuss the physical implications of our results from that point of view.

What is claimed to have been shown is that a soliton is an infinitely constituent
‘bound state’. The original constituents are bound by means of the coherence provided
by the solution of the original classical equations of motion. Thus the soliton states
are not bound states in the usual sense of being constructed out of a finite number of
fundamental constituents bound together by a suitable potential. Yet they are
constructed solely from the mesons of the no-soliton sector.

It is this feature which is most intriguing. Its detailed expression is given in terms of
the classical field solutions describing the various form factors of the soliton states. In
order to test such aspects it will be necessary to have a realistic model of the elementary
particles whose classical solutions are to be obtained. Thus traditional bound state
conditions, such as Z = 0 [5], appear difficult to use immediately for detecting which
particles might be solitons.

One general result of a bound-state nature that does follow from our result is that
the field theory from which solitons arose will not have any amelioration of its ultra-
violet or infrared divergences. This is clear in the no-soliton sector, while solitons may
only be satisfactorily treated if the higher quantum corrections to their various
physical quantities are all finite. This is similar to the situation for traditional bound
states. The extra asymptotic states to which the solitons and their meson clouds
correspond can be treated as independent ‘elementary’ particles with associated
fields and interactions. Such a description could be built out of the original Hamilton-
ian by means of suitable coherent state operators. But the ‘elementary’ nature of the
solitons would be as much of an illusion as that of traditional bound states, even
though they may be treated on the same level as their elementary constituents for
certain features of their dynamics, such as for deriving reduction formulas and
dispersion relations [3].

The most important aspect of the soliton is its complete confinement of its constitu-
ents. This attractive feature, as well as the large soliton mass, leads to the conjecture
of constructing baryons from more weakly interacting particles. The most natural of
these is the lepton family. A recent attempt has been made to construct such a model
[6], though not using the soliton concept. There are various crucial difficulties about
such a program, such as achieving a low enough magnetic moment from leptonic
constituents, and also of localising such light constituents. It is clearly necessary to
investigate these features, as well as the symmetry aspects, further. We hope to turn
to the identification of quarks as leptons elsewhere.
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